Abstract. We give necessary and sufficient conditions for the Kummer extension Q (ζn, n √ α) to be monogenic over Q(ζn) with n √ α as a generator, i.e., for
Results and Previous Work
Let L be a number field. We will always denote the ring of integers by O L . Suppose M is a finite extension of L.
for an algebraic integer θ ∈ M , then we say M is monogenic over L or O M has a power O L -basis. We note that in general O M may not be free over O L ; however, monogeneity implies freeness. When L is Q we will simply say M is monogenic or O M has a power integral basis.
Suppose L is a number field containing a primitive n th root of unity, ζ n . When n = 2k with k odd, one has L(ζ n ) = L (ζ k ). For this reason, when we speak of the n th cyclotomic field or an n th root of unity, it is assumed that n ≡ 2 mod 4. A Kummer extension of degree n is an extension of the form L ( n √ α), where x n − α is irreducible over L. The Kummer extensions of L of degree n are exactly the cyclic extensions of L of order n. When L = Q (ζ n ), a Kummer extension will be denoted by K. If L is an arbitrary number field (not necessarily containing the n th roots of unity), we call an extension of the form L ( n √ α) a radical extension.
The following diagram summarizes our set-up. Note that K may not be Galois over Q. For example, the ramification above 5 shows that Q i, 4 
√
2 + i is not Galois over Q. The main result of this paper is Theorem 6.1, where we describe necessary and sufficient conditions for the ring of integers of the radical extension L ( n √ α) to have a power O L -basis generated by n √ α. This result can be illustrated by the important special case of Kummer extensions, which we state below for n an odd prime. In our investigation of Kummer extensions, we also obtain sufficient conditions for when K is not monogenic over Q; this is stated below as well. is not satisfied.
Suppose there exists a rational prime l such that l ≡ 1 mod n and l < n · φ(n). Let α ∈ Z [ζ n ] be relatively prime to l. Suppose further that α is an n th power residue modulo some prime of Z [ζ n ] above l and that
Theorem 1.1 stands in marked contrast to the situation over Q. Gras [14] shows that the only monogenic abelian extensions of Q of prime degree ≥ 5 are maximal real subfields of cyclotomic fields. In order to obtain a single monogenic abelian extension of prime degree p, the quantity 2p + 1 must also be prime. Over Q(ζ p ), however, we are able to construct infinitely many monogenic abelian extensions of prime degree p.
In addition to the theorems mentioned above, we give some more general criteria relating ramification to relative monogeneity (Propositions 3.1 and 3.4). Proposition 3.1 will be essential to our proof of Theorem 6.1. Futher, these propositions serve to highlight our methods and to elucidate the relationship between ramification and monogeneity in the relative context. We use the classical strategy of Dedekind to prove Theorem 1.2, while our other results are established using a generalization, by Kumar and Khanduja, of Dedekind's index criterion to relative extensions (Theorem 2.5).
The outline of the paper is as follows. At the end of this section we will briefly survey the literature regarding the monogeneity of abelian extensions, relative monogeneity, and the monogeneity of radical extensions. Section 2 recalls the necessary tools that we will use. With Section 3, we state and prove our general propositions relating relative monogeneity and ramification. Section 4 is concerned with the proof of Theorem 1.1. This section also serves to illustrate how we will approach the proof of Theorem 6.1. In Section 5, we prove Theorem 1.2. Finally, Section 6 states and establishes our main result on the monogeneity of radical extensions.
The literature regarding monogenic fields is extensive. See Narkiewicz's texts [23] and [24] for a general survey of the results. Zhang's brief survey [30] , though unpublished, is also a nice overview.
Investigations into the monogeneity of abelian number fields are classical. For example, the monogeneity of quadratic fields is immediate and the monogeneity of cyclotomic fields was established very early. As mentioned above, Gras [14] has shown that, with the exception of the maximal real subfields of cyclotomic fields, abelian extensions of Q of prime degree greater than or equal to 5 are not monogenic. Generally, Gras [13] has shown that almost all abelian extensions of Q with degree coprime to 6 are not monogenic. The extensions of Q we show are non-monogenic in this paper generally have degree divisible by 2. Previous to Gras, Payan [25] found necessary conditions for monogeneity of certain cyclic extensions. Cougnard [4] builds on the ideas of Payan and establishes more stringent conditions for an imaginary quadratic field to have a monogenic cyclic extension of prime degree. Ichimura [17] establishes the equivalence of a certain unramified Kummer extension being monogenic over its base field and the Kummer extension being given by the p th root of a unit of a specified shape. Khan, Katayama, Nakahara, and Uehara [18] study the monogeneity of the compositum of a cyclotomic field, with odd conductor n ≥ 3 or even conductor n ≥ 8 with 4 | n, and a totally real number field, distinct from Q and with discriminant coprime to the discriminant of the cyclotomic field. They show that no such compositum is monogenic. The monogeneity of the compositum of a real abelian field and an imaginary quadratic field is studied by Motoda, Nakahara, and Shah [22] . When the conductors are relatively prime and the imaginary quadratic field is not Q(i), they establish that monogeneity is not possible. Shah and Nakahara [26] show the monogeneity of certain imaginary index 2 subfields of cyclotomic fields. They also prove a criterion for non-monogeneity in Galois extensions based on the ramification and inertia of a small prime. Motoda and Nakahara [21] show that if the Galois group of L is elementary 2-abelian and L has degree ≥ 16, then L is not monogenic over Q. They also establish partial results in the case that [L : Q] = 8. Chang [2] completely describes the monogeneity of the Kummer extension K when [K : Q] = 6. Gaál and Remete [9] investigate [K : Q] = 8. Though we do not outline it further here, there is a wealth of literature on monogenic abelian extensions of a fixed degree. The interested reader should consult the surveys mentioned earlier.
Gaál, Remete, and Szabó [11] study the relation between absolute monogeneity, i.e. monogeneity over Q, and relative monogeneity. Suppose L is a number field,
, and R is an order of a subfield of L. They establish that θ can always be used to construct a power R-integral basis for O L . Relative power integral bases are also studied in [6] , [7] , [8] , and [10] .
Radical extensions are also a classical object of study. In 1910, Westlund [28] computed the discriminant and an integral basis for the radical extensions Q (
over Q, where α ∈ Z and p is a prime. Westlund also identified when p √ α yields a power integral basis for Q ( p √ α). Using Dedekind's index criterion (Theorem 2.4) and the Montes algorithm, Gassert [12] gives necessary and sufficient conditions for the ring of integers of Q (
Having n √ α generate a power integral basis is dependent on the congruence
where p divides n. Loosely speaking, non-zero solutions to Congruence (1.2) are obstructions to n √ α generating a power integral basis. A prime p for which Congruence (1.2) has a solution is called a Wieferich prime to the base α 2 . See Keith Conrad's excellent expository note [3] for background on Z-power bases of radical extensions and the history of Wieferich primes.
Background and Necessary Lemmas
Notation: An overline always denotes reduction modulo a prime. A ∆ denotes a discriminant, and a subscript on ∆ indicates the object whose discriminant we are considering. A subscript is also used to indicate localization
A choice of uniformizer is indicated by π with the ideal of localization in the subscript. In the aforementioned context, π p is a uniformizer. The normalized valuation associated with a prime p is denoted by v p .
We start with some ideas of Dedekind. The following is often called Dedekind's criterion and first appeared in [5] . Since we have two criteria due to Dedekind, we will call the following Dedekind's criterion for splitting.
be monic and irreducible, let θ be a root, and let L = Q(θ) be the number field generated by θ.
Moreover, the residue class degree of p i is equal to the degree of ϕ i .
An expository proof can be found in many algebraic number theory texts. Using this criterion, Dedekind was the first to demonstrate a number field that was not monogenic. Dedekind considered the cubic field generated by a root of x 3 − x 2 − 2x − 8. He showed that the prime 2 splits completely. If there were a possible power integral basis, then one would be able to find a cubic polynomial, generating the same number field, that splits completely into distinct linear factors modulo 2. Since there are only two distinct linear polynomials in F 2 [x], this is impossible. Hence the number field cannot be monogenic. More generally, if a prime p < n splits completely in an extension L/Q of degree n, then L is not monogenic. We will use the same strategy as Dedekind to construct non-monogenic fields. Hensel [16] built on these ideas to show the following. 
however, L is not monogenic.
We will use another criterion of Dedekind, which we'll call Dedekind's index criterion, to establish monogeneity. First, we state the version Dedekind proved, with Q as the base field. 
where the f i (x) are monic lifts of the irreducible factors of
we are taking the greatest common divisor in
Kumar and Khanduja, using completely different methods from those of Dedekind, have recently proved a generalization of Dedekind's index criterion to relative extensions. This generalization will be very useful to us. 
With Proposition 2.6 and the brief discussion following, we will see that the conclusion of Theorem 2.5 is exactly what we need to study [ 
In addition to the work of Dedekind, we will need a few facts about cyclotomic, radical, and Kummer extensions. First, we recall the following well-known formula relating polynomial discriminants and field discriminants. Let f be a monic, irreducible polynomial of degree n > 1, let θ be a root, and write L = Q(θ), then 
Proposition 2.6 combined with the observation that a map of O L -modules is an isomorphism if and only if the the map is an isomorphism when localized at each of the primes of L [20, I, §7, Proposition 18] ensures that we need only entertain the prime divisors of ∆ f when studying monogeneity.
Turning to cyclotomic extensions, the following is Lemma 6 of Chapter III of [1] .
where φ denotes Euler's phi function. Further, an integral basis for O Q(ζn) is given by 1 and the powers ζ k n with 1 ≤ k ≤ φ(n) − 1. Lemma 2.7 and Equation (2.1) yield the following corollary.
Corollary 2.8. The cyclotomic polynomial φ n (x) has discriminant
It is useful to understand the splitting of primes in cyclotomic extensions.
Lemma 2.9. [1, III.1 Lemma 4]: If p is a prime not dividing n, then it is unramified
in Q (ζ n ) and its residue class degree is the least positive integer f such that p f ≡ 1 mod n.
Bringing our attention to radical and Kummer extensions, consider the polynomial x n − α. One computes
One can also derive this by specializing Theorem 4 of [15] .
The following describes splitting in Kummer extensions.
Lemma 2.10. [1, III.2 Lemma 5]: The discriminant of
In this case, the residue class degree of p is the least positive integer f such that α f ≡ x n mod p is solvable.
Monogeneity and Ramification
In this section we present two propositions relating monogeneity and ramification. Proposition 3.1, in particular, will be important for studying general radical extensions. Though we have been unable to find references with the same generality as our statements of Propositions 3.1 and 3.4, the spirit of both results is classical. Since Theorem 2.5 is recent, it is likely our proofs are novel.
The setup of Proposition 3.1 is summarized in Figure 2 . Proof. Write p for a prime of L dividing ∆ f , and let p be a prime of M lying over p. Proposition 2.6 shows that we need only consider these primes. Take the reduction
where each f i (x) is a monic lift of an irreducible factor of
if and only if, modulo p, the polynomial
is coprime to each f i (x) e i −1 . In other words, either e i = 1, or the roots of f i (x) are not roots of d(x). We also factor f (x) modulo p and take monic lifts to O M [x]:
Note that the f i (x) may now split into products of the ϕ j (x); however, the roots of the ϕ j (x) and the roots of the f i (x) coincide. The extension M/L only introduces splitting and inertia at p, hence we may choose the same π p as a uniformizer for O M localized at p. Thus we consider
We wish to show that d ϕ (x) is coprime to the ϕ j (x) e j −1 if and only if d f (x) is coprime to the f i (x) e i −1 .
Up to an element of the ideal (π
We see
where
Using Equation (3.1), we have
Recall that the ϕ j (x) are the irreducible factors of the f i (x), and observe that each ϕ j (x) e j −1 divides P . Also note that e j = 1 if and only if e i = 1, where
is the unique factor of f (x) which is divisible by ϕ j (x). Thus each ϕ j (x) e j −1 is coprime to d ϕ (x) if and only if each f i (x) e i −1 is coprime to d f (x). With Theorem 2.5, we have our result.
are monic, irreducible polynomials with relatively prime discriminants. Write τ for a root of g(x).
. Then f (x) yields a relative monogenic extension of Q(τ ) if and only if f (x) yields a monogenic extensions of Q.
Remark 3.3. Though we have stated Proposition 3.1 globally, the proof is local. In other words, suppose l is a prime of M that divides ∆ f and is ramified over L. If p and p are as in the proposition and relatively prime to l, our result still holds locally at p and p.
The setup of Proposition 3.4 is summarized in Figure 3 . 
where a ∈ O L , k > 1, and
. Note that we may choose a ∈ O L by hypothesis. Consider the element of
For η to yield a power O M -basis, the reduction of d(x) must be relatively prime to x − a. Evaluating the numerator at a, we have
Since p is ramified above p, elements of O L cannot have p-adic valuation 1. Thus
is not relatively prime to x − a modulo π p . Therefore η cannot yield a power O M -basis for O N .
We can contrast the above proposition to the following example. 
is given by 1 and √ k. Thus, in this case, a root of a polynomial in Z[x] yields a
should consult [27] for an in-depth study of relative integral bases of quartic fields.
Monogeneity of K over Q(ζ p )
We wish to establish Theorem 1.1: Let p be an odd, rational prime, and let
, and suppose that 
is not satisfied. Note that Congruence (4.1) is exactly the Wieferich congruence, Congruence (1.2), but with respect to the prime (1 − ζ p ). We will see that the analogue of Congruence (1.2) in Theorem 6.1 is a bit more complicated. This is due to the potential for higher powers of a prime to divide n and the need to accommodate arbitrary residue class degrees.
. Proposition 2.6 and the discussion afterwards show that for questions of monogeneity, we need only consider the prime divisors of ∆ x p −α . We will contend with the prime divisors of α, then we will contend with p. In both cases, we will use Theorem 2.5.
Suppose l is a prime of Z[ζ p ] dividing α. The reduction of x p − α modulo l is x p . So, in the notation of Theorem 2.5, we have Next, we contend with p. We localize Z[ζ p ] at p and choose 1 − ζ p to be the uniformizer. The reduction of x p − α modulo p is (x − α) p . We have
Evaluating at α, we see that d(x) is relatively prime to x − α if and only if
Applying Theorem 2.5, our result follows. Note, our argument here does not depend on whether or not p divides α.
Non-monogeneity of K over Q
In this section, we will prove Theorem 1.2: Suppose there exists a rational prime l such that l ≡ 1 mod n and l < n · φ(n). Let α ∈ Z [ζ n ] be relatively prime to l. Suppose further that α is an n th power residue modulo some prime of Z [ζ n ] above l and that
Proof. We will use Dedekind's method for proving a number field is not monogenic. From Lemmas 2.9 and 2.10, we see that l splits completely in K. If K is monogenic over Q, then Theorem 2.1 shows that the factorization of l in K is mirrored by the factorization of a degree n·φ(n) polynomial modulo l. Thus there is a degree n·φ(n) polynomial that generates K over Q and factors into distinct linear factors modulo l. Since l < n · φ(n), we see this is impossible. Thus K is not monogenic over Q. Applying Theorem 2.2, we see l is in fact an essential discriminant divisor.
Remark 5.1. If k denotes the multiplicative order of l modulo n, the number of irreducible polynomials in
and the requirements on α remain the same, then K is not monogenic over Q by the same methods used above. One can also obtain weakened hypotheses on α via these ideas.
Example 5.2. Consider n = 5 and l = 11. We see 11 < 5 · 4. Since 11 ≡ 1 mod 5, the prime 11 splits completely in Q(ζ 5 ). For 11 to split completely in Q (ζ 5 ,
5
√ α), we need α to be a 5 th power in F 11 . This is satisfied by rational integers congruent to ±1 mod 11. Hence all rational integers α ≡ ±1 mod 11 for which x 5 −α is irreducible in Z(ζ 5 )[x] yield non-monogenic K.
General Radical Extensions
In this section we consider an arbitrary number field L and an element α ∈ O L such that x n − α is irreducible over L. To avoid trivialities, we assume n ≥ 2. For a prime p of O L , we write p for the residue characteristic and f for the residue class degree. If p divides n, we factor n = p e m with gcd(m, p) = 1. Define ε to be congruent to e modulo f with 1 ≤ ε ≤ f . For convenience, define β to be α to the power p f −ε . The Wieferich congruence, Congruence (1.2), generalizes to
In the case where e ≤ f , this is α p f ≡ α mod p 2 . Proof. We need only consider the prime divisors of ∆ x n −α = (−1) n 2 −n 2 n n (−α) n−1 . For any primes dividing α, the argument is straightforward and essentially the same as in the proof of Theorem 1.1.
Let p be a prime of O L dividing n but not α, and maintain the notation outlined above. Noting β p e ≡ α mod p, we have 
